Abstract. Extensive calculations in the short-range RVB (Resonating valence bond) subspace on both the trimerized and the regular (non-trimerized) Heisenberg model on the kagomé lattice show that short-range dimer singlets capture the specific low-energy features of both models. In the trimerized case the singlet spectrum splits into bands in which the average number of dimers lying on one type of bonds is fixed. These results are in good agreement with the mean field solution of an effective model recently introduced. For the regular model one gets a continuous, gapless spectrum, in qualitative agreement with exact diagonalization results.
Introduction
It is well known that the conventional picture of a longrange, ordered, dressed Néel ground state (GS) can collapse for low dimensional frustrated antiferromagnets. The GS of several spin 1/2 strongly frustrated systems has no long range antiferromagnetic order and is separated from the first magnetic (S = 1) excitations by a gap. The first example of such a behavior was given by the zigzag chain at the Majumdar-Ghosh point [1] (J 2 /J 1 = 1/2) in which case the two-fold degenerate GS is a product of singlets built on the strong bonds.
In some cases the consequences of frustration on the structure of the spectrum can be even more dramatic. It is now firmly established by many numerical studies that the singlet-triplet gap of the Heisenberg model on the kagomé lattice is filled with an exponential number of singlet states [2] . This property is actually not specific to the kagomé antiferromagnet (KAF) and could be a generic feature of strongly frustrated magnets: It is suspected to occur also for the Heisenberg model on the pyrochlore lattice [3] , and it has been explicitly proved for a one-dimensional system of coupled tetrahedra which can be seen as a 1D analog of pyrochlore [4] .
Since the particular low-temperature dependence of many physical quantities is directly connected to the structure of this non-magnetic part of the spectrum, many recent works [2, 5, 6, 7, 8, 9, 10, 11] were devoted to understand the nature of the disordered GS and low-lying excitations. Unfortunately, it is still hard to come up with a clear picture of the low-energy sector of the KAF. Resonating Valence Bonds (RVB) states, for which wave functions are products of pair singlets, seem to be a natural framework to describe this exponential proliferation of singlet states. RVB states were first proposed to describe a disordered spin liquid phase by Fazekas and Anderson [12] for the triangular lattice and was reintroduced by Anderson [13] in the context of high-T c superconductivity.
For the kagomé lattice, the absence of long range correlation may lead to consider only Short Range RVB states (SRRVB) , i.e. first neighbor coverings of the lattice with dimers. The first difficulty which occurs is that the number of SRRVB states of a N site kagomé lattice with periodic boundary conditions is 2 1+(N/3) ∼ 2(1.26) N [14] whereas the number of singlet states before the first triplet of the KAF scales like 1.15 N [2] . Of course, this does not necessarily disqualify the SRRVB description but raises the question of the selection of the relevant states.
At the mean field level an answer to this question has been given in a recent paper [17] starting from a trimerized [18] version of the KAF (see Fig. 1 ):
When considering low-energy excitations one can work in the subspace where the total spin of each strong bond triangle is 1/2. Since there are two ways to build a spin 1/2 with three spins 1/2, these triangles have two spin 1/2-like degrees of freedom : The total spin σ, and the chirality τ . This representation does not simplify the problem because spin and chirality are coupled in the Hamiltonian but it is no longer the case in the mean field approximation and it is possible to solve the mean-field equations exactly [17] . Low-energy states are SRRVB states on the triangular lattice formed by strong bond triangles and their number grows like the number of dimer coverings of a N/3 site triangular lattice, 1.15 N , as can be shown using standard methods [15, 16] .
This result was established under the assumptions that J ▽ /J △ is small (trimerized limit) and that quantum fluctuations can be treated at the lowest order (mean field approximation). Therefore two questions remain open: What happens beyond mean field approximation ? Can SRRVB state give a good description of the energy spectrum in the isotropic limit?
To answer these questions we have studied the KAF Hamiltonian in the subspace of SRRVB states with no simplifying approximation concerning the non orthogonality of this basis. In this subspace the complete spectrum is obtained up to 36-site clusters in both trimerized and isotropic limit.
The text is organized as follows: In the first part we study the trimerized model and show that mean field predictions are robust with respect to quantum fluctuations. In the trimerized limit, the low-energy spectrum splits into bands in which the average number of dimers lying on one type of bonds is fixed and the size of the lowest band scales as 1.15
N . Next we present the results obtained in the isotropic limit. Contrary to what was suggested by previous studies [8] the singlet spectrum obtained with SRRVB states is a continuum. Moreover the number of states below a given total energy increases exponentially for all energy with the size of the system considered.
Finally, we compare the results obtained for KAF with the results obtained using the same basis for a non-frustrated antiferromagnet, the Heisenberg model on a square lattice, and we emphasize the ability of SRRVB states to capture the specific low energy physics of frustrated magnets.
Most of the results presented here contrast with the commonly admitted point of view that SRRVB states do not provide a good variational basis for this problem. In fact, SRRVB states lead to specific numerical difficulties due to the fact that they are not orthogonal to each other. A way to get around this difficulty is to neglect overlap between states under a given threshold. However reasonable this approximation may seem, it appears to modify the results significantly. It turns out that this approximation is not necessary to perform exact numerical simulations, even for large systems. In order to clarify this point, some technical details about the method we used to implement symmetries of the problem and achieve the calculations in this non-orthogonal basis are given in an Appendix.
The trimerized model
As stated in the introduction, the main question with the trimerized model (J ▽ /J △ < 1) is to know if the mean-field selection mechanism (pairing of strong bond triangles) of low-lying singlet states is robust when quantum fluctuations are taken into account.
Fully trimerized limit -Ground state. Let us start with the limit J ▽ /J △ = 0. In this limit the system consists of N/3 independent triangles and the SRRVB GS is obtained by putting one dimer on each of these triangles. Since J ▽ /J △ = 0 this state can be completed to a SR-RVB state (N/2 dimers) by putting the N/6 remaining dimer on the J ▽ bonds. The energy of such a state is −(3/4)J △ (N/3) = −(N/4)J △ . In this limit the GS is thus obtained by maximizing the number of dimers on the J △ bonds (N/3).
By a simple counting argument it is easy to see that every SRRVB state contains N/6 = N t /4 triangles, called defaults, for which none of the bonds is occupied by a dimer (N t = (2N/3) is the number of triangles): a SR-RVB state being a set of N/2 dimer, it leaves (2N/3) − (N/2) = (N/6) triangles unoccupied. The number of defaults n def (J △ ) on the J △ bonds can take all the values from 0 to N/6. In terms of defaults the GS discussed above is a SRRVB state which minimizes n def (J △ ). Let us turn to the question of the degeneracy of this GS and show that the number of dimer coverings of the kagomé lattice with n def (J △ ) = 0 is exactly the number of dimer coverings of the N/3 site triangular lattice formed by △ triangles. To prove this, we have to check that one can associate each GS configuration to a unique dimer covering of the triangular super-lattice and vice versa (see Fig. 3 ).
Clearly, to each pairing A of △ triangles one can associate a set of dimers (1, 2, 3) on the kagomé lattice. Doing so, the number of dimers on △ triangles is N/3, which is the maximum, and n def (J △ ) = 0. Consider now a SR-RVB with n def (J △ ) = 0. Let us show that there exists a unique way to pair △ triangles according to the (1, 2, 3) pattern. Starting from dimer 1 on triangle T 1, the existence of dimer 2 is necessary because the state is SRRVB and the triangle T 2 contains dimer 3 because there is no default on △ triangles by assumption.
For the triangular lattice, the number of coverings increases with the number of sites N like Aα ln(4+4 sin x sin y+4 sin 2 y)dxdy} ≃ 1.5351 and A ≃ 2 [17] . Thus the number of dimer coverings of the kagomé lattice with n def (J △ ) = 0 increases like (α
N . This degeneracy has been obtained considering only SRRVB subspace. In the full S = 0 subspace the GS is much more degenerate. The model, when J ▽ /J △ = 0, simply reads:
where S △i is the total spin of the triangle i. The GS is thus obtained by setting the total spin of each △ triangle to 1/2 and to couple all the N/3 spin 1/2 triangles to a total spin of 0 and the degeneracy is 2
The combinatory factor is the size of the singlet sector of N/3 spin 1/2 and the other factor refers to the fact that on each of the △ triangles there are 2 independent ways to build a total spin of 1/2. Thus asymptotically the full singlet degeneracy increases like 2 Table 1 . Number of singlet and SRRVB states and degeneracy of the GS in each of these subspaces as a function of the number of sites.
Fully trimerized limit -Excited states.
The situation of excited states in the SRRVB subspace is different, even when J ▽ /J △ = 0, because SRRVB states with n def (J △ ) = 0 are not eigenvectors of H. In fact this situation occurs each time a state includes a default on a triangle with non-zero bonds (see Fig. 4 ).
Nevertheless, let us consider the results obtained for J ▽ /J △ = 0 (Fig. 5) . The spectrum splits into bands: the first, of zero width, is the degenerate GS discussed above, and the other bands consist of linear combinations of SR-RVB states with fixed n def (J △ ) (a numerical characterization of the dimer coverings in each band is given below). The center of each of these bands is −(3/4)N △ J △ with N △ the number of dimers built on △ triangles. Since N △ = (N/3)− n def (J △ ), the energy of the center of the 1 + (N/6)
Strong trimerization (J ▽ /J △ ≪ 1). When it is switched on, J ▽ acts as a perturbation on the previous spectrum: bands with n def (J ▽ ) = 0 begins to get wider and to mix. In contrast, because it is degenerate when J ▽ /J △ = 0, the lowest band is expected to mix with the other bands for larger values of J ▽ /J △ . Let us test this scenario on numerical results for a weak trimerization of the lattice (J ▽ /J △ = 0.1) on a 36 site cluster. Figure 6 shows the spectrum (number of states below a given energy per site) and the density of states (DOS) . The DOS exhibit a band structure and, as expected, even for such a small value of J ▽ /J △ , gaps between bands are nearly closed. Nevertheless, a very narrow band of states remains very clearly separated from the others. The existence of this low energy band splited from the rest of the SRRVB spectrum indicates that for small values of J ▽ /J △ , the selection criterion of dimer covering configu- rations is the same as for J ▽ /J △ = 0: the states in the low energy part of the spectrum minimize n def (J △ ). In order to test more precisely this scenario let us characterize numerically the scaling of the bands and verify that n def (J △ ) is fixed in each band. We performed a finite size analysis including all kagomé clusters with an even number of sites up to 36 sites (12, 18, 24, 30 , 36) . We denote by N N (∆) the number of states on a N-site cluster with a total energy smaller than ∆. For all ∆, the analysis shows that N N (∆) grows exponentially with N :
In the large ∆ limit, since all the states have an energy smaller than ∆, the values of A and α are known to be respectively 2 and 2 1/3 . Between each band of the spectrum, no state comes to increase N when ∆ increases and therefore plateaus appear in α (see Fig. 7 ). The first plateau corresponds to α ≃ 1.15, a numerical confirmation of what was announced at the beginning of the section.
Let us turn now to the question of the nature of the states in each band. We denote byN ▽ andN △ the operators that count for a SRRVB state the number of dimers lying on J ▽ and J △ bonds respectively. Since on a N site cluster, each SRRVB state is made of N/2 dimers, we haveN ▽ +N △ = N/2. small set of wave functions (see table 1) among those which minimize energy for J ▽ /J △ = 0. Moreover the number of these states scale as the number of singlets in the singlet-triplet gap of the KAF at the isotropic limit. If this selection is actually relevant, one should be able to identify in the exact spectrum at least for a strong trimerization the existence of a similar selection.
To test this point we compare the exact and SRRVB spectra for J ▽ /J △ = 0.25 (see table 2, energy per site for the 10 first states). The conclusion of this comparison is quite clear: The SRRVB subspace reproduces the lowenergy part of the singlet spectrum and the structure of the spectrum (order and degeneracy of levels) is also well described.
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- Table 2 . Comparison between exact and SRRVB low energy levels for a 12 site cluster with J▽/J△ = 0.25.
In conclusion, beyond mean field approximation, the low energy physics of the trimerized KAF is well captured by SRRVB states: Low lying states are selected on an energy criterion, the maximization of the number of dimers on strong bonds, which is equivalent for a weak trimerization to minimize the number of defaults on strong-bond triangles. These selected states form a band which contains a number of states that increases like 1.15 N in agreement both with exact results and with the effective Hamiltonian approach. 
The isotropic model
When J ▽ /J △ increases to the isotropic limit one may ask at least two questions: Does the mechanism described above remain valid? Do SRRVB states still provide a good description of the singlet sector? To answer the first question, we have computed, at the isotropic point, the values of N ▽ and N △ for all the eigenstates. The behavior of these quantities is very different from the trimerized case: no mechanism tends to favor one type of triangle and N ▽ = N △ = N/4. This means that the simple picture obtained with the trimerized model is no longer valid in the isotropic case. The computation of the spectrum for all even sizes up to 36 sites confirms the qualitative differences between trimerized and isotropic model (see Fig. 9 ). The mixing of the bands which starts for J ▽ < J △ is complete for J ▽ = J △ , the band structure has completely disappeared and the spectrum is a continuum.
It is important to emphasize that this result contrasts with those obtained for the same model by Zeng and Elser [8] , who concluded to the presence of a gap inside the singlet spectrum. This study was based on an expansion using as a small parameter the overlap between SRRVB states: the non orthogonality between dimer covering |ϕ i was neglected under a given threshold of ϕ i |ϕ j . On the contrary, the results presented here involve no approximation: the non orthogonality of the basis is fully taken into account (see appendix for details). We suspect that the difference comes from this approximation. As could be expected, our treatment provides a smaller variational value of the GS energy. For a 36 site cluster E GS /J = −0.42182 which is 3% above the exact one (the number of SRRVB states is ∼ 1.71 10 −5 of the total singlet subspace). The strongest indication that SRRVB states give a correct description of the low-lying singlets of the KAF is indeed the continuum structure of the spectrum. Moreover, the shape of the spectrum is very similar to the one obtained by exact diagonalization (ED) [2] . In order to test this point more precisely, we have again computed α(∆) at the isotropic point (see Fig. 10 ). Plateaus no longer appear in α(∆), which confirms the complete mixing of the bands. More interestingly, this analysis shows that, for all ∆, the number of SRRVB excitations increases exponentially with the size of the systems. This proves that SRRVB states not only reproduce the continuum nature of the spectrum but give a good description of the exponential proliferation of singlets states in the low energy sector of the KAF.
Since the SRRVB subspace cannot give information about magnetic excitations the question of the counting of states below the first triplet is rather delicate. To discuss this point, one has to take the exact singlet-triplet gap value to make the counting in the variational SRRVB spectrum. Doing so on has to keep in mind that even if the SRRVB spectrum gives a good description of the structure of the low lying singlets (order of levels, degeneracy, exponential proliferation) the energy scale of the excitations above the GS might be slightly different from the exact one: SRRVB are not the exact eigenstates of the Hamiltonian which are more probably dressed SRRVB states including fluctuations that modify the energy scale. But, given the relative accuracy of the GS this point should not prevent us from doing a semi-quantitative comparison between exact and SRRVB results.
In fact, for a 12 site cluster we have checked that the low energy structure of excitation spectrum is correct for J ▽ /J △ = 1 up to the first triplet state (see Table 3 ).
For a more general quantitative discussion on the proliferation of low-energy singlets let us analyze the shape of α(∆) (see Fig. 10 Table 3 . Comparison between exact and SRRVB low energy levels for a 12 site cluster at the isotropic point J▽/J△ = 1. region and the inset of Fig. 10 . It is remarkable that in this energy range the value of α for SRRVB spectra goes from ∼ 1.18 to ∼ 1.15 which in good agreement with ED scalings.
Discussion
At this point, it is fair to ask whether the continuum structure of the spectrum obtained with SRRVB states is really a specific feature of frustration captured by this basis or simply a generic characteristic of the spectra that such states would provide on any lattice. To answer this important question let us compare the results on the kagomé lattice with the SRRVB spectrum for a non-frustrated model, the Heisenberg model on the square lattice (see Fig. 11 ).
The structure of the SRRVB excitations on the square lattice is qualitatively different from the structure obtained for the kagomé lattice: In particular there is a gap between the singlet GS and the first excitation. Even if it is seems difficult to extract a precise value for this gap (see Fig. 12 ), the finite size analysis strongly suggests that it remains fi- nite in the thermodynamic limit. Of course, this does not describe the actual singlet spectrum of the square lattice, which is gapless due to two-magnon excitations. But it shows that the structure of the RVB spectrum is specific to very frustrated lattices.
In conclusion, SRRVB states on the kagomé lattice allow to capture the specific low energy properties of the model in both trimerized and isotropic limits. In the trimerized model it gives a simple picture of the non magnetic excitations and a selection criterion of the low-energy states which are built by minimizing the number of defaults on strong bond triangles. The number of such states increases like 1.15 N . The states matching this criterion can also be seen as short-range dimer coverings of the triangular lattice formed by strong-bond triangles which confirms, beyond mean field approximation, the relevance of the effective model approach. At the isotropic point, SRRVB states lead to a continuum of non-magnetic excitations in accordance with ED results. Moreover the shape of the SRRVB spectrum is very similar to the exact one and the number of low-lying singlets increases exponentially for all energy range with the size of the system considered.
Finally, these properties of the SRRVB spectrum are not just a property of this kind of states since the SRRVB spectrum has a gap in the case of the square lattice. So one may conjecture that they provide a good description of the low-energy singlet sector of very frustrated magnets only. Work is in progress to test this idea on the pyrochlore lattice.
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Appendix: numerical method
Working with SRRVB states as a truncated basis leads to non-trivial numerical difficulties which, as paradoxical as it may seem, make the problem of the determination of the spectrum more tricky in this truncated subspace than in the full space of spin configurations. This is a consequence of the non-orthogonality of RVB states.
If |ϕ i and |ϕ j are two SRRVB states, the overlap is given by [19] 
where n b (ϕ i , ϕ j ) is the number of closed loops in the diagram where the two states are superimposed and s(ϕ i , ϕ j ) = (−1) p , where p is the number of misoriented dimers compared with the reference orientation (see Fig. 13 ).
In the case of a non-orthogonal basis, the eigenvalues are solutions of the so-called generalized eigenvalue problem,
in which the overlap between states appears explicitly.
Since we are interested in the structure of the spectrum, we need to diagonalize completely the Hamiltonian and therefore iterative techniques (typically Lanczos) must be avoided. On the other hand, solving (5) with standard routines, one is limited to small systems. To achieve a complete diagonalization for large systems (typically 36 sites) it is crucial to take into account all the symmetries of the system in order to break the Hilbert space into smaller pieces. This technique is indeed very standard but is usually used in a context where the basis is orthogonal (e.g. spin configurations) which makes it quite convenient. The non-orthogonal case is far less simple and is worth paying some attention.
The aim of this appendix is to explain how it is possible, starting from a set of configurations that can be non-orthogonal, to build an orthonormal basis of vectors that are eigenstates of all the symmetries of the problem in each symmetry sector. Since this linear algebra problem is planned to be solved numerically one is interested in reducing as much as possible the information to be handled. Therefore one does not work explicitly with this orthonormal basis but with linear combinations of suitably chosen configurations called representatives.
The text is organized as follow: we define the representatives, we show how the number of representatives has to be reduced depending on the symmetry sector and finally explain how one can go from representatives to the orthogonal basis of the symmetries eigenvectors.
Representatives. Let us denote by N S the order of the symmetry group of the system and S i , i = 1, . . . , N S the elements of this group. It is possible to make a partition of the set containing all the configurations in subsets where configurations are related to each other by a symmetry S i . Each of these N p subset can be represented by a configuration |p i , i = 1, . . . , N p , called representative, of the subset since by construction all the others can be obtained by applying symmetries on it. From a numerical point of view the set of the representatives is the minimal information needed.
Reduction of the number of representatives in a given symmetry sector. In this section we will consider a given symmetry sector s characterized by a set of characters χ s (S 1 ), . . . ,χ s (S NS ). We are going to show that it is not necessary to keep all the representatives to generate a basis in the sector s.
Let us consider a given linear configuration of representatives,
The true state of s associated to |ψ is given by [20] ,
where |s p (p i ) stands for the image of the configuration p i by the symmetry S p . For a given representative |p i , let us denote by E i the set of indices q of the symmetries that leave the configuration p i invariant (s q (p i ) = p i ), and E i the remaining indices. With this notation |ψ take the form,
Let us denote by Q s the list of indices i of the representatives p i such as q∈Ei χ s (S q ) = 0 in the symmetry sector s. It is obvious to note that all the representatives with an index in Q s disappear from the first term of eq. (8). What we are going to show is that they also disappear from the second one. Let be p i such as
This result does not depend on p ∈ E i and thus one does not modify the result by applying [1/Card(E i )] p∈Ei on the previous expression which proves what was announced. This leads to a reduction of the number of representatives in the symmetry sector s, namely N s = N p − Card(Q s ).
From non-orthogonal representatives to the orthonormal basis of symmetries eigenvectors. In the general case of non-orthogonal representatives, it is convenient to introduce a mixing matrix µ s in order to build the orthonormal basis of symmetries eigenvectors. We will considerer from now linear combinations of mixed representatives,
All the problem is to chose µ s such as the symmetrized states |l of |l according to (7) form an orthonormal basis: l |m = δ lm . Let us show how this condition writes in the cases of orthogonal and non-orthogonal representatives. Orthogonal case. In this simple case where p i |p j = δ ij , the condition l |m = δ lm is, 
where χ s (S p ) is the character of the symmetry S p in the sector s, deg(p i ) the degeneracy of representative p i (i.e. the number of symmetries under which it is invariant [21]), s p (p i ) the image of the configuration p i by S p , and N s the size of the sector s.
It is easy to see that
fulfills (10) General case. In the non-orthogonal case, the condition (10) now reads, 
Here again, the indices i and j runs from 1 to N s (the size of the sector s). To determine µ s we diagonalizeĨ :
One can check that,
satisfies condition (12) . The basis {|l } is orthogonal and in this new basis the Hamiltonian is block diagonal, each block corresponding to one symmetry sector. Thus, it only remains to diagonalize the Hamiltonian in each of these representations to get the whole spectrum : l |H|m = 
In conclusion the procedure described above turns the generalized eigenvalue problem of n × n matrices into 2 × N s conventional diagonalizations of ∼ (n/N s ) × (n/N s ) matrices. The point we now want to stress is that the treatment described above is exact and does not introduce approximation. The subspace of RVB states is a truncated subspace in the sense that it is not stable with respect to an application of the Hamiltonian and only the RVB restricted Hamiltonian is studied. But, the use of symmetries does not act as a new restriction of the Hamiltonian in each representation of the symmetry group. In the new basis the Hamiltonian and the overlap matrix are actually block diagonal, each block corresponding to one representation. Thus the spectrum obtained as well as mean values of operators calculated are the same as those one would obtain by solving with brute-force the generalized eigenvalue problem if it was possible. χs(SqSp 0 ) where p0 is arbitrarily chosen in Ei. This last point is due to the fact that {Sq, q ∈ Ei} is a subgroup of {Sq, q = 1, ..., NS }. After a summation on p0 over Ei using the property χs(SpSq) = χs(Sp)χs(Sq) one gets (deg(pi)) 2 = deg(pi)Card(Ei) . Only two possibility can occur: either deg(pi) = 0 which is the case of eliminated representatives, or deg(pi) = Card(Ei), which indeed does not depend on the sector s.
